We first consider local cosmic strings in dilaton-axion gravity and show that they are singular solutions. Then we take a supermassive Higgs limit and present expressions for the fields at far distances from the core by applying a Pecci-Quinn and a duality transformation to the dilatonic Melvin's magnetic universe.
Topological defects of various kinds are predicted to have occurred during phase transitions in the early universe. Depending on the nature of the phase transition and the configuration of the fields involved in spontaneous symmetry-breaking, topological defects can be three, two or one dimensional, such as textures, domain walls or strings, and also pointlike such as monopoles. Their cosmological implications have been quite well explored in the context of general relativity (for a review see [1] ). In particular the cosmic strings which have attracted the most attention are those produced at GUT scales.
Such strings generate large angle cosmic microwave background anisotropies of roughly the observed order of magnitude [2] . Their gravitational effects are weak and their static spacetimes are non-singular [3, 4] .
On the other hand, at sufficiently high energy scales the Einstein's theory of general relativity which is extremely successful at describing the dynamics of our solar system, and indeed the observable universe, probably does not describe gravity accurately [5] as first postulated by Dirac [6] .
Partially motivated by the Dirac's idea and the possible existence of extra dimensions of the spacetime proposed by Kaluza and Klein [7] , Jordan, Brans and Dicke (JBD) [8] proposed a theory of gravity whose purpose was to incorporate Mach's Principle. In this way the variations on the inertial mass of a body caused by the surrounding Universe, assumed in that Principle, could be justified from the variations of the gravitational constant. Even so the Principle is not consistently justified, as it does not explain gravity in vacuum.
The implications of the JBD action on cosmic string models have been well explored [9, 10] . In particular the case of the low-energy string action was explored in [11] which showed that in the presence of a dilaton the gravitational field of cosmic strings is surprisingly close to that of an Einstein cosmic string on cosmological distance scales.
For a massless dilaton it was shown that there are long range dilatonic effects on the very large scale and the spacetime is not asymptotically locally flat in the Einstein and string frames. On scales of cosmological interest, however, the metric is conical in the Einstein frame, and conformally conical in the string frame. Meanwhile for a massive dilaton and apart from distances of order the Compton wavelength of the dilaton, the 1 long-range structure of the string is as for Einstein gravity, and so the metric asymptotes a conical metric, in both string and Einstein frames. The main exception to these results is for the special value where the coupling of the dilaton to the vortex fields is canonical, i.e. the vortex fields couple to the metric in the string frame, for which there are no long range effects (other than the deficit angle) and the dilaton merely shifts the value of the dilaton between the core and infinity by a constant. For a critical Higgs coupling this constant vanishes and there is no effect at all on the dilaton. The dilatonic string is then the same as the Einstein one.
Meanwhile, low energy string gravity also generically contains another field -the axion -which could in principle also couple to the cosmic string. Of course, in the cosmic super string solution of Dabholkar et al. [12] the axion couples to the string. However here we wish to consider the simple question of whether and how, at the low energy level, the presence of the axion effects the field of a local vortex solution to some field theory, using the U(1) abelian Higgs theory as a model. Therefore the layout of this paper is as follows: Section 2 shows the singular behaviour of the axionic-dilatonic local strings by examining the gravi-axion-dilaton field. Section 3 presents a far field solution by taking a supermassive Higgs limit. Finally we conclude.
Singular axionic-dilatonic strings
We are interested in the behaviour of a static self gravitating string whose metric is given by
when the gravitational interactions take a form typical of low energy string theory [13] .
We take an empirical approach to cosmic strings in this background theory, not concerning ourselves with the origin of the fields that form the vortex, but inputting "by hand" the abelian-Higgs lagrangian given by
where D c = ∇ c + ieA c is the usual gauge covariant derivative,F ab is the field strength of the gauge field A c , η is the symmetry breaking scale and χ is a parameter related with the energy density of the string, µ, by
To take account of the (unknown) coupling of the cosmic string to the dilaton , φ, we consider a reasonably general form for the interaction of the vortex with the dilaton assuming that the Abelian-Higgs lagrangian couples to the dilaton via an arbitrary coupling, e 2aφ L, in the string frame as in the action:
whereV (φ) is the dilaton potential and the axion field is described by an antisymmetric tensor B νλ with antisymmetric field strengthĤ µνλ given by:
We now write instead the action in terms of the "Einstein" metric, defined as
in which the gravitational part of the action appears in the more familiar Einstein form:
and write the "Einstein" equations to get
with T ab , S ab and N ab the energy-momentum tensors for the string, the dilaton and the axion given respectivelly by:
and
Considering the axionic antisymmetric tensor, B νλ , as an independent variable, the equation of motion for the axion is:
which can be simplified into a wave equation of motion for a massless scalar field, h(t, r, z, ϕ), evolving coupled to the dilaton [14] 2h + 4∇ µ φ∇ µ h = 0 (12) by writing
with ǫ µνλk the antisymmetric Levi Civita tensor given by
In terms of h, the energy-momentum tensor for the axion, (10), then becomes:
To include the self-gravity of the string we require a metric which exhibits the symmetries of the sources, namely the boost invariance for the matter and dilatonic sectors (
. Therefore we try first the static cylindrically symmetric metric given in (1). Consistency with the assumed symmetry then requires N 00 = −N zz , i.e., h ,t = h ,z = 0 and also N Rϕ = 0, i.e., h ,R = 0 or h ,ϕ = 0. Therefore there are two possible Ansätze for the axion: either h(R) or h(ϕ). Consistency of the constraint equation (given later by (17c)) also requires N R R to be a function of R and therefore for the ansatz h(ϕ) we require h ,ϕ = h, i.e., h(ϕ) = hϕ, with h a constant.
(i) h(R)
Let us first assume h(R). Integrating the equation of motion for the axion (12) one gets:
where h 0 is an integrating constant, with the energy-momentum tensor for the axion given
e −γ+4φ h ′2 where the prime means now the derivative with respect to R.
The equations of motion for the geometry and for the dilaton are respectively:
(17d) while the equations of motion for the vortex sector are given by
-the same as for the dilatonic string, as the axion does not couple directly to matter. For further reference, the Bianchi identity now gives:
Let us start to look for the string's gravitational effects at very far distances from its core, where for non-singular local strings we are in vacuum.
Consider first the massless dilaton case, V (φ) ≡ 0 for which the equations of motion for the geometry and the dilaton become:
These equations are only consistent for the trivial case where the axion is "switched off "
and so the results in [11] for the dilatonic string still hold. Indeed one gets:
where C, C 1 , C 2 , C 3 , d and b are integrating constants.
From the dilaton equation (20d) it comes that C is defined such that:
and therefore C > 0. But now we find a contradiction:-integrating (17b) from the core and to lowest order in ǫ one gets αγ ′ = 0, i.e., C 2 = 0. Using the constraint (20c),
, this gives C = 0 which contradicts the fact that C > 0. This means h ′ = φ ′ = 0. Therefore the only vacuum solution is the trivial one where the axionic sector is "switched off " and the dilaton is constant. This result still holds in the string frame and is in agreement with those presented in reference [12] for massless dilatons in a spacetime of four dimensions. 
whose solution is:
which from (24c) gives
where α 0 , C 4 , γ 0 , h 1 are integrating constants and C 5 is a positive constant.
The asymptotic solution for the axionic-dilatonic cosmic string is then, to lowest order:
with φ = φ 1 and the axion having very strong asymptotic effects as given in (25c).
(ii) h(ϕ) = hϕ 
and again the equations of motion for the vortex fields are the same as for the dilatonic string. The Bianchi identity is now:
Again, consider first the massless case, V (φ) ≡ 0. Proceeding as for the previous ansatz we write the equations of motion for the geometry and the dilaton:
at far distances from the core where it is vacuum, with the Bianchi identity giving
where p and q are integrating constants. In order to get the asymptotic solutions to those equations we write the constraint (31c) as the autonomous d.s.:
where t = . Writing x = u t = α ′ one gets:
which integrated gives
with C a positive integrating constant and Q(x) = p 2 + 4q 2 − 4px − 8qx + 6x 2 , a noninvertible expression for α(R) whose asymptotic regimes are then analysed.
When |x| → ∞ the result from expression (35) is that t → ∞ where
Therefore the solution is:
(37a)
(37b)
with C 3 a positive constant and α 0 , γ 0 and φ 0 being integrating constants. But now an inconsistency comes-consistency of equation (31d) requires C 3 = h = 0, i.e., the axionic sector for these solutions is "switched off ".
When x → x ± , where Q(x ± ) = 0, therefore from expression (35) t → 0. As a result the solution is:
which from (31d), as in previous asymptotic regimes, gives h = 0, i.e., the axionic sector for these solutions it is as well "switched off ".
Finally when x → 0 then, from expression (35) t → t(0) and the solution is:
which, again, from (31d) gives h = 0. In conclusion the only vacuum solution is the trivial one where the axion is "switched off ". The same result is obtained in the string frame. Moreover no solution (in the Einstein frame) is regular at the origin whereN
, i.e., e 4φ ∼ R because from the dilaton equation (29d) one obtains φ ∼ R whilst from the constraint (29c) one gets φ ∼ √ R. Therefore solutions of the equations of motion are non-string type solutions.
It is worth examining the previous results. First we note that for the ansatz h(ϕ) = hϕ the elements of the energy-momentum tensor for the axion resemble those for a global string given byT
and for which the energy per unit length is infinite, i.e., the string field has long-range gravitational interactions. This fact when combined with the absence of non-trivial vac- 
with B the strength of the magnetic field along the axis of symmetry. This suggests that in the presence of the axion and the dilaton one shall look for a supermassive Higgs limit and one shall obtain an exact metric solution -the dyonic Melvin universe which will be derived in the next section.
We also note that the asymptotic limit of the solution (41) is of the form:
with D a positive constant which is classified as a "global string" in the sense of Comtet and Gibbons [16] -a static solution of the vacuum Einstein equations which is invariant under boosts along the direction of the string and which is invariant under translations and reflections in a plane orthogonal to the translationns together with rotations about an axis of symmetry and reflections in planes through the axis, i.e., having "whole cylinder − symmetry" and being non asymptotically locally flat. Of course, the metric of a global vortex (generated by some field theory) does not have this form [17] but the form
with b 0 and C 0 two constants (b 0 > 0) which is clearly non-static (if we force the metric to be static it becomes singular [18] ) and has an event horizon at r = r 0 . Also note that in the presence of a dilaton the asymptotic form of a global vortex is also non-static as was shown in [19] .
3 Global string solutions: dyonic universes
Dilatonic Melvin Universe
The dilatonic Melvin magnetic universe is an exact solution of the Dilatonic-EinsteinMaxwell theory described by the action:
where F is the field strength of any U(1) gauge field, A.
In the presence of a magnetic field B the equations of motion given by [20] :
admit an exact solution, the dilatonic Melvin magnetic universe, given by [20] 
(46b)
The equations of motion are duality invariant as they admit an SL(2, R) electric-magnetic duality defined by:
which can be used to generate an electromagnetic Melvin universe and that will be generalised in the presence of an axion in the next section.
Dyonic Melvin Universe
In the presence of an axion, the Melvin magnetic universe can be generated after applying a Peccei-Quinn and a duality transformation to the dilatonic Melvin magnetic universe. Our starting point comes from the bosonic part of the four-dimensional effective action of low energy string theory that includes the terms [21] :
where H µνλ describes the axion, with now
If we write the axion as in (13) the equations of motion can equally be derived from the action [21] :
withF the dual of F .
It is also convenient to combine the axion, h, and the dilaton, φ, in a complex scalar field, λ = λ 1 + iλ 2 = h + ie −2φ called the "axidilaton". In terms of λ the action simplifies to [21] :
where . The latter, for h = 0, reduces to the φ → −φ transformation of (47a).
The action as a whole is not invariant under this duality, because the Maxwell terms change sign, therefore the equations of motion given by [21] :
are not invariant either. In fact the Einstein equation (52c) is not invariant in general under the duality transformation [21] 
as the second and third terms are non-invariant [21] and transform into [21] :
Only if the extra terms in this expression vanish will the duality transformation map solutions into solutions. A duality transformation of the offending terms above shows that they transform into themselves with
and therefore the Einstein equation is invariant when [21] 2F µρFν ρ + 2F νρFµ ρ − g µν FF = 0 (56) which implies that if this expression vanishes for a particular solution, it will also vanish for its duality transformation of that solution. Thus, beginning with a solution one may build up a family of solutions. Indeed the Melvin magnetic universe verifies the restriction , and finally rescale, λ ′ = λ(f 2 + 1) [21] . One gets [21] :
f 2 + e −4φ f 2 + 1 (57c)
(57d)
with A 
with
where B 2 is the magnetic field of the axionic sector and B 2 = B 
with the metric given by:
As expected this solution is consistent with the dilatonic Melvin magnetic universe, 
